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A P P A R A T U S  W I T H  T R A N S V E R S E  F L O W S  

A .  V .  S u v o r o v  a n d  G.  D.  R a b i n o v i c h  UDC 621.039.341.6 

T r a n s i e n t  p r o c e s s e s  in a t h e r m a l  diffusion appa ra tu s  with t r a n s v e r s e  flows opera t ing  in beth the 
open and c losed  cyc le s  a r e  cons ide red .  The r e s u l t s  obtained a r e  ana lyzed .  

�9 A theo ry  of a t h e r m a l - d i f f u s i o n  appa ra tu s  with t r a n s v e r s e  flows was developed in [1], and t h e o r e t i c a l  r e -  
la t ions  a r e  obtained for the s teady  s ta te ,  enabl ing the region  in which it is  bes t  to use  such dev ices  to be de-  
t e rmined .  

In this  paper  we cons ide r  t r a n s i e n t  p r o c e s s e s  in an appa ra tus  the bas ic  scheme of which is shown in Fig. 
1. Region I of height L is  the s e p a r a t i n g  pa r t  of the a ppa r a t u s ,  while in channels  II and III, having a constant  
c r o s s  sec t ion  x, the s e p a r a t e d  mix ture  moves ,  and this  motion can be e i t he r  un id i rec t iona l  ( forward flow, Fig.  
l a ) ,  or in opposi te  d i r ec t i ons  (counter  flow, Fig .  lb) .  In formula t ing  this  p r ob l e m  m a t h e m a t i c a l l y  we will  make 
the following a s s u m p t i o n s  [1]: 1) in the lower  and upper  channels  in a v e r t i c a l  d i r ec t ion  idea l  mixing of the 
flows (re, (r i occurs  with the flows ~-* a r r i v i n g  f rom the s e p a r a t i n g  pa r t  of the appa ra tus  I;  2) diffusion along the 
x axis  inside the s e p a r a t i n g  pa r t  of the appa ra tu s  can be neg lec ted ;  this  condit ion is s a t i s f i ed  s a t i s f a c t o r i l y  
when the re  is  a f a i r l y  l a rge  number  of d i s c r e t e  co lumns;  3) we wilt  neglect  the longitudinal  diffusion in chan- 
ne ls  II and III, which c o r r e s p o n d s  to the condi t ion 

(~Ac )) [pD dc pDf - -  or ~ ) ) - -  ( 1 )  
dx B 

where  

The t r a n s f e r  in the d i r ec t ion  of the z ax is  per  unit  width of the column is given by 

�9 * = H *  [ c O - c )  oc ] 
- - 0 7 j  ' L 

H *  = 
H ap2g~  a (AT) z . HL 

, y :  
B 6t "qT K 

(2) 

Fo r  a t r a n s i e n t  p r o c e s s  in a sec t ion  of column of width dx we have 

m* Oc o%* (3) 
Ot Oz 

We wil l  take the following as  the boundary  condi t ions which solut ion (3) must  sa t i s fy :  

(~*dt : [epdc)v=v~ , (~*dt : flpdc)v=c, (4) 

which shows that  the change in the amount  of t r a n s f e r r e d  component  in the upper  and lower  pa r t s  of the s e p a r a t -  
ing pa r t  of the appa ra tu s  along a sec t ion  dx a f t e r  an inf ini tely s m a l l  t ime is equal to the change in the concen-  
t r a t i on  along this  pa r t  in the upper  and lower channels  {in th is  c a se  we have made use of a s sumpt ion  1), and a l -  
so the fact  that  the purposeful  component  is  concen t ra ted  at  the top of the column.  

Condit ions (4) can be r e w r i t t e n  as  fol lows:  

o e c  ? , �9 

= r e P - - j )  = _ e c  

(5) 
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Fig. 1. Scheme showing the input and output of the separated mixture 
in the appara tus :  a) forward flow; b) counter  flow; c )c losed  scheme.  

In (5) de /d t  is a substantial  der ivat ive,  i .e. ,  it r ep re sen t s  the change in the concentra t ion ' in  t ime and space,  
and, taking into account  the fact that the problem is one-dimensional  

dc Oc Oc 

dt Ot Ox 

Consequently, conditions (5), taking (2) into account,  have the form 

H* c { 1 - - c ) - -  Oc = f ~ o - - ~  q - w e p f , - - ~ -  x , 
Y=Ye Y=Ye (6) 

OC 

We will introduce one more  assumpt ion regarding  the smal lness  of the f i rs t  t e r m s  on the r ight side of 
these equations compared  with the second t e r m s .  This means that we can confine ou r se lves to  cons ider ing t imes  
that sat isfy the condition 

t >> B_, (7) 
W 

i .e. ,  t imes  which far  exceed the t ime taken for the liquid to flow through the channel. In addition, we will as -  
sume, in o rder  to simplify the last calculat ions,  that the separa ted  mixture sat isf ies  the condition c ( 1 - c )  = a, 
i .e. ,  a constant  quantity, while a e = ~i = ~" Then, af ter  introducing the dimensionless  var iables  

.M Hat x ~ (8) 
~ =  rni ' 0 = - ' m K  ~ =  B '  • 

taking (3) and (6) into account,  the problem reduces  to solving the heat-conduct ion equation 

O____~u = ~02u (9) 
O0 Oy 2 

with the boundary condition 

Ou = a ,  . ~ - - •  . . . .  a. (10) 
Ou + • ~ u=ue Oy O~ ~=o 

The second of conditions (10) is wri t ten for the case when the liquid in both channels moves in the same d i rec-  
tion (forward flow). In the case of counter  flow, due to the change in the direct ion of the flow of liquid in the 
lower channel, this condition takes the fo rm 

where 

We will take as the initial condition 

Ou + •  = a ,  

y=O 

l~ ~ C--C O. 

(11) 

(12) 

ulo~o = O. (13) 

In L a p l a c e -  Carson t r a n s f o r m s  the solution of (9) will be 

u = Ae V-fiu + Be - r  , (14) 

where we must  bear  in mind that A and B are  functions of the longitudinal coordinate ~, i.e., A = A(~), B = B(~). 
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F o r w a r d  Flow. Using condi t ions  (10), we obtain the fol lowing two equat ions  for  A(~) and B(~) using (14): 

ue v Fue A'  (~) + ] / ' - p  e v" ~ye A (~) Jr- • - V  Ty~ B' (~) - V--P-e - V  ~u~ B (~) = a, 

- -  h A '  (~) + V ' p -  A (~) - -  •  (~) - -  V"-f i  B (~) = a.  

The solut ion of this  s y s t e m  gives  

o 
A (7~) = C, exp - -  ~ 'h  V p -  • -]- C~= exp ( - -  V - : "  ~ cth ~/-p - -t- ~ ( 1 - -  ' h V - p -  2 ' 

1 + th V ~  y~ 1 + th V 7  "~ 
B ( t ) = C ~  P-  Y. exp - -  ~ t h V ' 7  - -C2 exp --~t~thV--h- 

l - - t h V "  " 1 - -  t h V  -P- y" 
2 2 

whe re  C~ and C 2 a r e  cons tan t s  independent  of  ~. 

Subst i tu t ing the e x p r e s s i o n s  obtained into Eq. (14) and a s s u m i n g  that  y = Ye and y = 0, we obtain the follow- 
ing e x p r e s s i o n s  for  r e p r e s e n t i n g  the shif t  in the c o n c e n t r a t i o n  in the upper  and lower  channels  (the s u b s c r i p t s  
e and i). 

u , =  2C, 1 - -  t h V ' p -  y~ 1 - -  th v" p-- y" - -  -2-- '(15) 
2 2 

u i =  2Ci - - - - 2 C s  2 exp --V--P- ~cth ~ -  y~ '~ a t h V p - ~  
1 - - t h V ' p  y--~ 1 - -  t h ] / - p - ~  ' • V'- p - - ~ - ) - - ~ - -  "( i6) 

2 2 

For  fo rwa rd  flow the c o n c e n t r a t i o n s  a t  the input of  both channe ls  a r e  equal  to the init ial  concen t r a t i on  Co, 
which enab les  us to use  the fol lowing condi t ions  to obtain C I and C2: 

~~1~=o = o, u-~l~=o = o. (17 )  

F r o m  these  condi t ions  and a l s o  (15) and (16) we obtain 

a 

and f inal ly  

U e ~ - -  . v/ p • 

[ ( -  ] - Yo (19) 
u~= 1 /Pa th~:P-2-Ye 1 - -exp  - - ] / •  p ~c th l f l -p -~ -  . 

When changing from (18) and (19) to the originals we will take into account the fact that for fairly large t imes  

2 1 , - -  
c t g  V p  -y-~- ~ - -  + -6-  v p y~ 

2 V'-P Y~ 

and the exponent  in (18) and (19) t akes  the f o r m  

Then,  ins tead  of  (18) and (19) we have 

t " P  2 
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Changing to the o r ig ina l s  and confining ou r se lves  to the f i r s t  t e r m s  of the s e r i e s  we obtain 

ue=u~=---~aYe [ 1 - - e x p ( - - - - ~ y ~  ]J2~/] iX- -  a--- ~ 8  exp(__,~20/y2)J. (20) 

Counter Flow (Fig. lb) .  Using the f i r s t  of conditions (10) and condition (11) we obtain the following two 
equat ions for  A(~) and B(~): 

- v - .  B' : ue'/-YUeA,([)_k_ l f l '~  et~-Ue A( [ )+~e  p'Je (~)__}/-p-e-~"-KYeB(~) a, 

uA' (~) Jr- ~," p-- A (~) + • (~) - -  l,'-p- B (~) = a. 

A ( D = C , e  ~ + - -  
21'  P c h ~  p - ~ -  

o 
B (D = C~e ~ 

2 1 P ch 1, t p Ye 
2 

The solution of this s y s t e m  gives  

Substi tut ing these  quant i t ies  into (14) we obtain 

u =  [ir , exp_  - i [ ._ 
Cte x - +  2 y  p c h v  P -2-- - - -  Ye e r  -F C~e - - 2 ) / - p - -  

(21) 

F r o m  (21), a s sumi ng  that  y = Ye and y = 0, we obtain the r ep r e sen t a t i ons  of the shift  in concentra t ion in the up- 
per  and lower channels  

2 

~ = c , ~ p  -~.'--y~- + q ~ p  7 - ~  2 (23) 

To obtain C 1 and C 2 we will a s s u m e  that  in the upper  channel a t  ~ = 0 liquid en te r s  with a concentra t ion e0, and 
en t e r s  with the s ame  concent ra t ion  in the lower channel at  the opposite end (~ = 1), i .e. ,  

u-,]~=o = 0r ~l~=a = 0. (24) 

F r o m  these  conditions and (22) and (23) we obtain 

C i 

C 2 

2 ]Z-~ 

th 1/-Y Y-~-~. 
2 

Substituting these  quant i t ies  into (22) and (23) we obtain, a f t e r  app rop r i a t e  reduct ion,  with ~ = 1 and ~ = 0 

2a h V P -~-sn  
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- 2a 
sh VT sh V7 

where  the s u b s c r i p t  "K" c o r r e s p o n d s  to va lues  of f i a t  the exi t  of  the a p p a r a t u s .  

Using tab les  of i n t eg ra l  t r a n s f o r m a t i o n s ,  we can  obtain the o r ig ina l s  of  (25) 

(25) 

Using  the fac t  tha t  

Ue, = - -  UiK = 2a • -r- 1 ~'12% 
Z 1 nz~ { [ 4a2nz• ]} 
o=l ; yo 1 l - -  exp  Ti5 " 

•  1 '~"~ 1 n~ y~ 
• " ~ ~ sin• - -  

.=l •  1 2(• + 1) 

we f inal ly obtain 

a Y ~ _  2a • + l ~.d l n.~ I 4:~2n2~20 ] (26)  
Ue~ = - -  ui. = • + 1 ~2• - ~  sin z - -  exp . 

~=, • + 1 (• + 1) ~ 

Since the a p p r o x i m a t i o n  of the non l inea r  t e r m  in (6) c ( 1 -  c) = - - 1 / 4  which we a s s u m e d  holds a p p r o x i m a t e -  
ly in the r ange  of  va lues  0.3 < c < 0.7, in the s t eady  s ta te  the m a x i m u m  p e r m i s s i b l e  shift  in concen t r a t i on  for  
which this  a p p r o x i m a t i o n  d e s c r i b e s  the p r o c e s s  with s a t i s f a c t o r y  a c c u r a c y  is  (CeK -C0)ma x = (c 0-  eiK)ma x = 0.2. 
In addi t ion,  for  this  m a x i m u m  value the l o g a r i t h m  of the d e g r e e  of s e p a r a t i o n  l n q - = y e  =ln [CeK/ (1 -eeK) /C iK/ (1 -  
e i K ) ] = l . 7 .  Taking  these  f a c t o r s  into accoun t  in the s teady  s ta te  we will  have f o r m  (26) 

1.7 (27) 0 , 2 > - -  or •  
4(1.7• @ i) 

Hence ,  (27) is the condi t ion def ining the l imi t s  of  app l icab i l i ty  of (26). !t  can  be seen  f r o m  (26) a l s o  that  Uei ( = 
UiK = 0 as  ~t~oo or  ye - -0 ,  i .e . ,  in this  ca se  s e p a r a t i o n  will  not  o c c u r .  

The s t eady  s ta te  wil l  be  ach ieved  in p r a c t i c e  when the exponent  in the  f i r s t  t e r m  of s e r i e s  (26) is g r e a t e r  
than four .  This  l eads  to the  fo l lowing e s t i m a t e  of  the t r a n s i e n t  t i m e :  

" O ~ ( •  1)  2 " (28) 
\ JIX 

The Closed  Sc he m e ,  We will  now c o n s i d e r  the s c h e m e  shown in Fig.  l c .  I ts  d i s t inguish ing  fea ture  is the 
fac t  tha t  the liquid m o v e s  in a c lo sed  c i r c u i t  in the channe l s .  In this  case ,  to obtain the cons tan t s  in (22) and 
(23) we m u s t  use  the condi t ion  for  the c o n c e n t r a t i o n s  at  s i m i l a r  ends of the upper  and lower  channe ls  to be the 
sa me,  i .e . ,  

Using  these  condi t ions  we obtain 

C , - -  

C 2 

(ce-- c~).~=0 = 0, ( c e - -  ci)t=1 = 0. (29) 

a 
_ m  / 

2 V p  ch ~ eh V'p-- y~2 

m / 
2 V--p- ch ~ .  ch V'-p- Ye2 

Subst i tu t ing this  into (21) we obtain 

sh V'-P 2• • 2 + y 
u =  a 

l f lp -  ch V- '~- ch V-p-  y~ 
- -N-  2 

 V-7 
2 
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Equation (30) a l so  sa t i s f i e s  the in tegra l  condition 

i ve 

0 0 

which follows f r o m  the condit ions for this s y s t e m  to be closed.  The t r a n s f o r m  for the instantaneous shift  in 
concent ra t ion  in the upper  and lower  channels ,  accord ing  to (30), takes  the f o r m  

- - ,, {  htv -(n- i)/2 1 th(V-Z y~ 
ue.i ~- :t: ~ - ~ -  thV" p -~-  + ~  ch(V'p--/2• ~ ch(v-p-/2• - ~ ] f '  

where  the plus and minus s igns  r e l a t e  to the upper  and lower channels ,  r e spec t ive ly .  We change back to the 
or ig ina ls  for  the f i r s t  two t e r m s  using expansion t h e o r e m s ,  and the expansion and convolution t h e o r e m s  for the 
th i rd  t e r m .  As a r e s u l t  we obtain 

2~- -1  
ble , i  --~- C e , l  - -  CO ~ a - -  

�9 2 X  

a2-~ Zn~t (--~n20z ( -  exp [--  (2n --1)2 ~2• sin (2n--1)  2 ( 2 ~ - - 1 )  +-- 

exp[--(2n ~ t)2az• (2n- -  1) ( 2 ~  1) =t= 16ag_____~ ( _  1),,_1 
2 n -  I n~ ~ X 

n ~ !  k = l  n ~ l  

(2n--1)2u2y~exp[--(2n--1)2a2• I 1 ) 2  (2~ ] 
(2n - -  I) (2k - -  I) 2 [(2n - -  I) 2 xzye 2 - -  ( 2 k  - -  I) z] " ' cos (2n - -  - -  I) . (31) 

I t  is e a s y  to show that  when (~ = 0 the r ight  side of (31) vanishes ,  i .e . ,  condition (13) is sa t i s f ied .  

Analys is  of solution (31) enables  us to draw the following conclus ions .  

1. In the s teady s ta te  the instantaneous shift  in concent ra t ion  is a l inear  function of the length of the chan- 
nel ~ while the d i f ference  in concent ra t ion  between the ends of the appa ra tus  

a 
c1~=1 - -  ct~=0 = - -  . (32) 

I t  is  noteworthy that  this  d i f ference  is independent of the height of the column, which obviously only holds inthe 
l imits  of the approx imat ion  used.  Consider ing  the above,  and (26) we obtain f rom (32) 

a (33) 0 . 4 > - -  or •  

2. In any c r o s s  sec t ion  of the channel in the s teady s ta te  c e = ci, which should co r re spond  to the absence  
of a concent ra t ion  gradient  along the height.  This  can eas i ly  be shown by dif ferent ia t ing (30) with r e s p e c t  to y 
and putting p = 0 (the s teady state) .  The absence  of a gradient ,  as  follows f r o m  (2), leads to constancy of the 
t r a n s f e r  over  the height of the column and, consequently,  to the fact  that  the degree  of separa t ion  is independent 

of Ye- 

3. At the ends of the appa ra tus  (~ = 0, ~ = 1) the shift  in concent ra t ion  continues to be independent of the 
height of the column during the t rans ien t ,  whe reas  in the in te rmedia te  sec t ions  the shift  in concentra t ion  de-  
pends on Ye. 

4. The s teady s ta te  is r eached  a f t e r  a d imens ion les s  t ime  

4 
0 9  

~2~2 

if  y <-- l / n ,  and a f t e r  a t ime  
e 

4y~ 0 ~ - - ~ -  , (34) 
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if ye>-l /g t .  Note that (34) de termines  the t rans ient  t ime in a column closed at both ends and, consequently, by 
an appropr ia te  choice of the rate of c i rculat ion (x) of the apparatus operating in the scheme i l lustrated in Fig. 
lc ,  the same equil ibrium concentrat ion can be achieved in a much shor te r  t ime. 

NOTATION 

~, mass  flow rate of the liquid through the channel in unit t ime;  D, binary diffusion coefficient;  c~, ther-  
rnal diffusion constant;  p,  density;  fl, volume expansion coefficients;  5, gap, i .e. ,  the distance between thetwo 
cons tan t - t empera tu re  sur faces ;  AT = T2-T1;  T2, T1, t empera tu res  of the heated and cooled surfaces  T = (T 1 + 
T2)/2; % dynamic viscosi ty ;  B, length; L, height of the apparatus ;  z, ver t ica l  coordinate;  x, longitudinal co- 
ordinate;  K = g203f1267 (AT)2B/9[v2D; c, mass  concentrat ion;  ~-*, t r ans fe r  of the purposeful component in the 
ver t ica l  d i rect ion in units of mass  in unit t ime per unit length of the apparatus ;  m* = pS; t, t ime;  f, a rea  of 
t r ansve r se  c ros s  section of the channel; w, rate of flow of the liquid in the channel; Ye = HL/K; w,  O, ~, ~4, 

see Eqs.  (8); u, see Eq. (12); and p, an operator .  Subscripts :  e, upper channel; i, lower channel; 0, initial 
value, and K, end of the apparatus .  

i. 
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STABILITY OF THE INTERPHASE SURFACE IN 

THE FREEZING OF MOIST GROUND 

Yu. S. Danielyan and P. A. Yanitskii UDC 624.131.4/5:625.123 

It is suggested that the formation of ice layers  should be regarded  as a consequence of a loss 
of stabil i ty of the motion of the freezing front. The kinetics of the freezing process  is investi- 
gated and a stabil i ty c r i t e r ion  is obtained. 

The freezing of moist  ground is accompanied by the migrat ion of mois ture ,  i.e., by a redis tr ibut ion of the 
initial mois ture .  Exper iments  show that in different grounds and for different modes of f reezing the redis t r ibu-  
tion of the mois ture  leads to various textures  of the frozen rocks .  In par t icular ,  in cer ta in  eases  ice layers  
are  formed,  and somet imes  monotonic freezing,  etc. ,  occurs .  There are  different ways of descr ibing the var i -  
ous aspec ts  of this phenomenon. Examples  are  given in [1, 2]. Below we c a r r y  out a theoret ical  analysis  based 
on a study of the stabil i ty of the p rocess .  The formation of ice layers  is t reated as a consequence of the loss 
of stabil i ty of the motion of the f reezing front with respec t  to small  per turbat ions.  

The one-dimensional  freezing problem, taking into account the migrat ion of mois ture ,  can be described 
in the following form [31: ,~, 

The initial conditions are  

and the boundary conditions are  

OTi OZTi 

Ot - a~ Ox--- T 

OT2 OZT2 

Ot --  a~ Ox z 

OW - K O~W 

Ot Ox ~ 

, O < x < s ( t ) ,  

s ( t ) < x < I .  

W (x, O) = Wo, G (x, O) = T,~, 

V. I. Muravlenko Giprotyumenneftegaz.  Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal, Vol. 39, No. 1, 
pp. 96-101, July, 1980. Original ar t ic le  submitted July 2, 1979. 
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